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Abstract

In this paper, a new procedure of division is proposed and the corresponding
didactical elaboration is sketched. A division task A:Bis called canonical when
A is less than tenfold B. As it is well known, each procedure of division splits
into a number of canonical ones. The proposed elaboration is carried out in
two main steps: the cases of canonical division by a two-digit divisor and the
cases of long division. In order to make division easier, in the first step, a di-
visor is rounded up, increasing its first digit by 1 and replacing the second one
by 0. In the same time, the dividend is rounded down replacing its last digit by
0. In this way the calculation is reduced to divisions by a one-digit divisor.
This step is technically important and should precede the case of long divi-
sions. Let A:B be a case of canonical long division. The divisor B is rounded
up, increasing its second digit by 1 and replacing all those that follow by 0’s.
In the same time, the dividend A is rounded down, replacing by 0’s the same
number of its final digits as in the case of B. Thus, this division task is reduced
to a “short” canonical division whose divisor is a two-digit number. Accord-
ing to a fact proved by this author in his paper Division— A Systematic Search
for True Digits, II, The Teaching of Mathematics, XVIII, 2, (2015), 84-92, the
quotient of the “short” division is equal or just 1 less than the number repre-
senting the true digit. This fact is the basis for the algorithm of producing true
digits that we propose which is a contrast to the traditional “trial and error”
method.
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1. Introduction

When writing this paper, we had the idea of entitling it “Learn to Divide”, having
in mind all possibly interested people and particularly, primary teachers and ma-
thematics teachers. Namely, the procedures that are applied to sums, differences,
products and quotients of two given natural numbers produce their value uniquely,
except in the case of division when the “trial and error” method is applied. This
method becomes more and more complicated with the increase of the component
numbers (the dividend and the divisor), because it draws upon an improvised
rounding of these numbers. Exercising this method of division, a dull routine is
gained and it is an activity that the children dislike and the teachers usually leave
this topic of arithmetic without a proper elaboration. Thanks to the pocket calcu-
lators, nowadays a skillful performance of arithmetic operations has lost its prac-
tical value, but their developmental significance stresses their elaboration as an
important didactical task which will also occupy our attention in this paper.

Let A:Brepresent a case of division where A is the dividend and B the divisor.
When A4 is less than tenfold B, such a case of division is called canonical. In ca-
nonical case the procedure of division consists of comparing A with the mul-
tiples of B: 0-B, 1-B, 2-B, ... , 9-Band 10-B. When £ is a one-digit number such
that &B < A< (k+ 1)-B, then k represents the true digit for A:B. As each pro-
cedure of division splits into canonical cases, we will be considering mostly such
cases. A random comparison of A with the multiples of B leads to confusion
which can be overcome by a systematic search for true digits.

Here, we intend to sketch a plan of gradual elaboration of division which is
one of the main themes of arithmetic. At the top of this plan, we present an al-
gorithm which directly produces the true digits and which is theoretically based
on our papers [1] and [2]. Speaking less formally, our main result is the proof of
the fact that, no matter how large a dividend and a divisor could be, the true di-
gits are determined as a result of rounding up the divisor, increasing its second
digit by 1 and replacing all of its digits that follow the second one by zeros and
also rounding down the dividend replacing by zeros that the same number of its
final digits. Though, all results in [1] and [2] are very elementary, this author
considers them to be an essential contribution to the al-Khwarizmi’s mathemat-
ics. We suggest to the reader to get acquainted with these results but it is not ne-
cessary for the following of the content of this paper.

Let us recall that Muhammad ibn Musa al-Khwarizmi (c. 780-c. 850) was a Per-
sian mathematician whose original work on arithmetic, written in Arabic, was lost
but its 12" century Latin translation has been saved. This translation was untitled
but its two first words Dixit Algorizmi (so said al-Khwarizmi) have been used for
referring to it. This work of al-Khwarizmi was responsible for introducing the de-
cimal positional number system to the Western Europe. Let us add also that the
term algorithm is derived from the Latin form of the name al-Khwarizmi.

Beginning with the first grades of primary school the content of arithmetic is
taught, first within the block of numbers up to 20 with the meaning of addition

and subtraction being established and then, within the block of numbers up to
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100 with the meaning of multiplication and division also being established. In
this stage of learning and teaching only simple calculation tasks are assigned to
the children and everything else is subordinate to the establishing of the perma-
nent meaning of the four arithmetic operations. “To establish meaning” is a
phrase which is quite appropriate to the mode of learning at this level, when the
children acquire the knowledge doing long series of exercises. These exercises
have often the form of questions connected with various situations from the
everyday life. The activity of doing such exercises results in the creation of men-
tal images and schemes in the mind of a child. The permanent meaning of the
arithmetic operations draws upon such mental representations whose creation is
a subtle didactical task of arithmetic teaching.

In order to describe the schemes related to the arithmetic operations, the lan-
guage of set theory has to be used, fixing in that way the type of exercises that are
correspondent to each of the four arithmetic operations. In the case of multipli-
cation and division, the corresponding scheme is a family of m disjoint sets, each
of which has 1 elements and we call such a family of sets the multiplicative
scheme. Let p be the number of elements of the union of sets that belong to such
a family. When m and 2 are given and p is to be found, then we say that a mu/-
tiplication task follows this scheme. When p and m (resp. n) are given and n
(resp. m) is to be found, then we say that a division task follows this scheme. In
the first case, when p and m are given and 2 is to be found, such a task is called
partition and in the second case, when p and n are given and m is to be found,
such a task is called quotation.

The algorithms of performing arithmetic operations are based on already
formed the fund which enters the long-term memory. That fund consists of ad-
dition table and that the same table when it is used for the purpose of subtrac-
tion—that is when the sum of two one-digit numbers is given together with the
one of them and the table is used to see what is the other. Also multiplication ta-
ble belongs to this fund as well as the division with the remainders: of numbers
up to 19 by 2, up to 29 by 3, ..., up to 89 by 9 and up to 99 by 10. Evidently, these

are canonical divisions when divisors are one-digit numbers (and 10).

2. Division When Divisors Are One-Digit Numbers or Powers
of 10

The procedure of division when divisors are one-digit numbers splits into a
number of simple canonical divisions by 2, 3, ..., 9, as the following examples il-

lustrate it:

(a)
(i) 87:6=14 (ii) 864:5=172 (iii) 5358:7 = 765, etc.
6 5 49
27 36 45
24 35 42
3 14 38
10 35
a4 3
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Writing the equalities as, for example, the following are: 17234 = 1723 x 10 +
4, 17234 =172 x 100 + 34, 17234 = 17 x 1000 + 234, 17234 = 1 x 10000 + 7234,
etc. in the form of division with remainders, we have

17234:10=1723, 17234:100=172, 17234:1000 =17, etc.
4 34 234

The equivalence of these two ways of writing is the explanation of this type of
division.

These two cases of division cannot be extended to the general case of division
by multi-digit divisors and therefore they are of less interest. Their elaboration

needs, of course, some care but it is not among the aims of this paper.

3. Canonical Division by Two-Digit Numbers

Performance of this type of divisions is a very important technical skill and it has
to run without any hesitation. To help calculation, a method of rounding will be
described which is not applied in the following two cases:

(i) when dividend is less than divisor and when the quotient is 0
and

(ii) when dividend and divisor are two-digit numbers having the same first
digits and when the quotient is 1.

We exclude these trivial cases from our further considerations.

Let us consider now the case of division by two-digit divisors. The first step in
performing such a division is rounding up the divisor, increasing its first digit by
1 and replacing its second digit by 0 and then, rounding down the dividend re-
placing its last digit by 0. Division with the rounded components reduces to ca-
nonical division by one-digit divisor when the quotient is the first approxima-
tion of the true digit. If it is less than the number representing the true digit this
procedure repeats and that new case of division is much easier, being the cor-
responding dividend smaller.

Before than we consider corresponding examples, let us note that we will ab-

breviate the propositions as, for example, they are: “4 go into 27, 6 times”, “21 go
into 31, once” etc. simply writing: “4 into 27: 6”7, “21 into 31: 17, etc. Calculations

to be done aside (or mentally) are written in blue.

(b)
(i) 271:31=6, 4into27:6 (i) 85:21=2, 3into8:2 (i) 179:22=35, 3into 17:5
186 2 42 1 110 2
85 8 4into 8: 2 43 1 3into4:1 69 1 3into 6: 2
62 21 4 44 8
23 22 21into 22:1 25 22 into 25:1
21 22
1 3

Instead of repeating divisions by one-digit numbers, that procedure can be
shorten, performing mentally, in the second step, simple case of division by a
two-digit number: 31 into 85: 2 (mental comparison: 2 x 31 = 62 < 85 < 62 + 31
=93), 21 into 43: 2 (m.c.: 2 x 21 = 42 < 43 < 42 + 21 = 63), 22 into 69: 3 (m.c.: 3
X 22 =66 < 69 < 66 + 22 = 88).
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According to a result from [2], after the first step in the procedure of this divi-
sion is done, a case of division remains where the dividend is less than 200 and
when the first digit of the divisor is 9, 8, 7 or 6, the quotient is at most 2, and
when that digit is 5 or 4, the quotient is at most 3 and finally when that digit is 3
or 2, the quotient is at most 4. Hence all divisions that remain in the second step
are very easy for mental performing. Examples of such performing just follow:

(c)
(i) 179:22=5, 3into17:5 (ii) 587:94=5, 10into58:5 (i) 419:52= 6, 6into 41:6

110 3 470 1 312 2
69 8 22into69:3 117 6 94into 117:1 107 8 52into 107:2
66 94 104
3 23 3

To train this performance, first somewhat simpler cases of division, when
both the dividend and the divisor are two-digit numbers, could be practiced.
(Let us note also that it seems easier to multiply mentally a two digit number by
a one-digit number, multiplying tens and units and then summing up these
products. For example, 3 x 27 =3 x 20 + 3 x 7 = 60 + 21 = 81, etc.). The related

examples follow:

(d)
(i) 81:41=1 (i) 96:31=3 (iii) 87:35=2
41 93 70
40 3 17
(1x41<81<41+41=82) (3x31=93<96<93+31=124)  (2x35=70<87 <70+ 35 = 105)
(iv) 91:38=2 (v) 94:28=3 (vi) 78:22=3
76 84 66
15 10 12

(2x38=76<91<76+38=114) (3x28=84<94<84+28=112) (3x22=66<78<66+22=288)

When the last digit of divisor is 0, there is no need to increase its first digit. In
such cases the procedure runs as follows:
712:80=8, 8into71:8, 399:60=6, 6into39:6, 378:50=7, 5into37:7, etc.
640 360 350

72 39 28

When carried out mentally, “short” divisions require concentration of one’s
own attention on all related details. Then, they can be done without much effort
and accurately. Everything is done as in the easier cases when two digit numbers
are divided by a two-digit divisor. Let us take some examples: 43 into 243: 5 (5 x
43 =215<243 <215+ 43 =258), 79 into 521: 6 (6 X 79 =474 < 521 < 474+ 79 =
553), 81 into 582: 7 (7 x 81 = 567 < 582 < 567 + 81 = 648), etc. This remark does
not mean that we suggest that children would do these comparisons mentally.

But when one is trained enough, this calculation goes quite easily.

4. Division in Case of Multi-Digit Component Numbers

For the beginning, let us consider the usual procedure of dividing, when both,

dividend and divisor are multi-digit numbers (a long division). In this case, as it
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happens in general, the procedure of division splits into a number of canonical
divisions, each of which produces a true digit.

(e)

616352:824 = 748 The first canonical division is 6163:824.

5768 Estimation: 824 into 6163: 7
3955 Estimation: 824 into 3955: 4
3296

6592 Estimation: 824 into 6592: 8
6592
0

Apparently, this procedure runs smoothly as long as the way of estimation is
not questioned. And instead of uncertain estimations, when the true digits are
guessed, we propose an accurate procedure of producing true digits, which we
will just present.

Let A:Bbe a canonical division, where A and B are multi-digit numbers. Let B
be rounded up, increasing its second digit by 1 and replacing all those that fol-
low by 0’s. Let A be rounded down replacing by 0’s the same number of its final
digits as it has been done in the case of B. Then, this division task reduces to a
“short” canonical division whose divisor is a two-digit number. According to a
fact proved in [2], the quotient of the “short” division is equal or just 1 less than
the number representing the true digit. This fact is the theoretical basis for the
algorithm of producing true digits that we propose here. Let us reconsider the
example under (e), where all “short” divisions will be written aside.

(¢)

() 6163:824= 7 616:83=6  9into 61: 6
5768 .
295 118 7  83into118:1
83
35
(i) 3955:824 =4 395:83=4  9into39:4
3296 332
659 63
(iii) 6592:824 =7 659:83=7  Ointo 65:7
5768 1 581
824 8 78 824 into 824: 1
824
0

In the cases (e’)(i) and (¢’)(ii), when dividing aside the true digit has been ob-
tained and in the case (¢e’)(iii) the trial number that has been obtained, is 1 less
than the number represented by the corresponding true digit. Before proceeding
further, we point out that in the following two cases, no rounding of component
numbers is made. Let A:Bbe a canonical division. Then,

(i) if A < B, the true digitis 0

and
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(ii) if A 2 Band A and Bhave the same number of digits and their first digits
are equal, the true digit is 1.

Now examples of long division follow, where corresponding divisions by a
two-digit number are supposed to be performed mentally (The mental calcula-
tion is intended for teachers but we suggest that children write aside and calcu-
late in the written form).

(f)

(i) 84275:32451 =2, 33 into 84: 2 (ii) 6534:1283 =5, 13 into 65: 5 (iii) 81248:13139 = 5, 14 into 81: 5

64902 6415 65695 1
19373 119 15553 6
13139
2414

(iv) 103011:11993 = 8, 12 into 103: 8 (v) 2894512:413291 =6, 42 into 289:6

95944 2479746 1
7067 414766 7 413291 into 424766: 1
413291
1475

When all final digits of a divisor, starting with the third one, are 0’s, its second
digit needs not be increased by 1 and the procedure of dividing runs as it is done
in the following examples:

2416:390 =6, 39into 241:6,47543:6100=7, 61into 475:7, 643357:78000=8, 78 into 643:8
2340 42700 624000

76 4843 19357

At the end let us present the procedure of dividing when the given division
tasks are not canonical. Of course, nothing essentially new will be demonstrated

as these divisions split into canonical ones.

(e)
(i) 291812:374 =770, 38 into 291:7 (i) 1799383:4921 = 365, 50into 179: 3
2618 1 14763
3001 780 38 into 300: 7 32308 50 into 323: 6
2618 29526
383 374 into 383: 1 27823 50into 278: 5
374 24605
92 374 into 92: 0 3218
0
92

(iii)
41328850:50102 = 824, 51 into 413:8
400816

124725 5linto 124: 2
100204

245210 51into 245: 4
200408

44802
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Everything is quite easy, isn’t it?

We conclude with the remark that, as a part of the routine, some or all calcu-
lations done aside can also be carried out mentally. How to elaborate this theme
with all details that contribute to a more routine performance of division should
depend on a particular teacher and his/her class. Our aim was to sketch how to
plan its gradual elaboration.

We hope that this paper will be a motivation for teachers to elaborate the

theme of division with all necessary details that their class requires.
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